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1 Introduction 

As a subsequent paper of the celebrated work [16] , Ray and Singer defined a holomorphic 
torsion associated to the 9-complex of complex manifolds in [T7]. In [T71 (2.5)], in the flat 
holomorphic case, they obtained the variation of this holomorphic torsion with respect to the 
change of Hermitian metrics of the underlying complex manifold, as the constant coefficient of 
I ^ I ' the small time asymptotic expansion of certain trace of the associated heat kernel. Further in 
' [6], using probability method, Bismut, Gillet and Soule obtained the explicit anomaly formula 
^ I for the case where the holomorphic bundle is endowed with Hermitian metrics and the base 
. manifold is assumed to be Kahler. 

o . 

, In the recent paper of Cappell and Miller [3] , the holomorphic torsion is extended to coupling 
[ with an arbitrary holomorphic bundle with compatible connection of type (1,1). However, 
comparing with the operators dealt with in [6], in the present general setting the associated 
' operators are not necessarily self-adjoint and the torsion is complex valued. Especially, the 
■ torsion is independent of the given Hermitian metric of the holomorphic bundle. 
^ ' In this paper, we get an explicit expression of the anomaly formula for this Cappell-Miller 
I holomorphic torsion for Kahler manifolds. As is obtained in [3], the variation of the holo- 
morphic torsion is the constant term in the Laurent expansion of the supertrace of a certain 
smooth kernel. To compute the constant term, following [6j Section 1(h)] in spirit, we intro- 
duce the Grassmann variables da, da and identify the constant term as the coefficient of dada 
of lim4_>o+ Trs[exp(— tJ()], where for any t > 0, I[ is a generalized non-self-adjoint Laplacian 
with parameters da, da. 

In our final calculation, we don't use probability theory as in [B] , but modify the proof which 
is presented in [1] Chapter 4] to deduce the local index theorem [1] Theorem 4.1]. The technical 
difficulties in the modification are the singular terms turning up in the rescaled operator and 
the convergence of the rescaled heat kernel for the introduced rescaling parameter £ as e — > 0. 
We first modify the estimates on heat kernels given in [1] Chapter 2], which essentially depend 
on the properties of the introduced Grassmann variables, then using Donnelly's conjugation 
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technique and the general Mehler formula for a generalized harmonic oscillator (cf. [lOj). we 
overcome the difficulties. 

The rest of this paper is organized as follows. In section 2, we recall the basic definition of the 
Cappell- Miller torsion of the holomorphic bundle endowed with a compatible (1,1) connection 
over complex manifolds and state the anomaly formula for the case where the base manifold 
assumed to be Kahlcr. In section 3, we deduce some estimates on the heat kernels in a little 
more general case than what we need. In section 4, using the local index theorem techniques, 
we prove the anomaly formula stated in section 2. 

2 Cappell-Miller torsion of the holomorphic bundle with a compatible (1,1) con- 
nection 

In this section, we recall the definition of the Cappell-Miller torsion of the holomorphic bundle 
with a compatible (1,1) connection and state an anomaly formula for the Cappell-Miller torsion 
under the Kahler condition. 

2.1 The Cappell-Miller holomorphic torsion 

Let {M, J) be a complex manifold with complex structure J and its complex dimension be 
n. Let TM be the corresponding real tangent bundle. Let g^*^ be any Riemannian metric on 
TM compatible with J and V"^^^ be the corresponding Levi-Civita connection. 

Let ii' — > M be a complex holomorphic bundle over M endowed with a connection V^. Let 
be a Hermitian metric on E. 

For ^ r ^ 2n, let Vr{M, E) =T {M, K''{T*M) E) be the space of smooth r-forms on M 
with values in E. 

The complex structure J induces a splitting TM ®kX = T^'^'^^M ® r^^^^) A/, where T^'^^°Hl 
and T'^^^^HI arc the eigenbundles of J corresponding to the eigenvalues \/ —1 and —^/—l, 
respectively. Let T*^^'''^M and T*(°'^'M be the corresponding dual bundles. 

For any ^ p, g ^ n, let 

n^'^iM^E) = r (Af,AP(r*(i'°)M) «) a«(t*(°'1)m) ® £;) 

be the space of smooth (p, (j')-forms on AI with values in E. Set 

n 

n*'*{M,E)^ 9P-'i{M,E). 

p,q=0 

We have the direct sum decomposition fi''(M, C) = ®p^y^j,^^'''{M,C) and the differen- 
tials d : n'-iM^C) rj'-+i(M,C), d : 9p^i{MX) ^ 9P+^^'i{M,C) and d : 17P''?(M,C) ^ 
f)P,g+i (TV/, C) with d = 9 + a 

We will denote by (•, •) the C-bihncar form on TM <Sir C induced by g'^'^'. T^^^^Hl is a 
holomorphic vector bundle with Hermitian metric induced by g^*^. Let {e2i-i}iLi lj{e2i := 
J^2i-i}i=i be an orthonormal frame of TM and {e^}f2i be its dual frame. Then 

= ■^(e2j-i - \/^e2j), j = l,---,n (2.1) 

form a local orthonormal frame of T^^'O^M with dual frame{w^};^^i (cf. [HI (1.2.34)]). We fix 
this notation throughout the remaining part and use it without further notice. 
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e{u,v) = g''"{Ju,v), for any M,u G r(rA'/). (2.2) 

We call Q as in (|2.2|) a Kahler form on M. The metric g^^^ on TM is called a Kahler metric 
and the complex manifold (M, J) is called a Kahler manifold if 6 is a closed form (cf. [T51 
Definition 1.2.7]). 

There is a natural Hermitian metric on Ap{T*^^'°^M) (g) A'?(r*(°^i)M) ® induced by 
and , which we denote by (•, •)a'. •«>£;• By Wirtinger Theorem (cf. [131 pp. 31]), we know that 
the volume form of M determined by 5"^^^ is given by Therefore, the i^-scalar product on 
n*'*{M,E) is given by 

((a,/3)) ~ / (a,/3)A...«B— , for any a, /? e 1)*'* (A/, £;). (2.3) 

The complex Hodge star operator is a complex conjugate linear mapping 

such that if a,/3 e 17*^*(M,C), then (cf. [HI pp. 80-82]) 

Qn 

ah*P^ {a,P)A,.,—. (2.4) 
n! 

The formal adjoint 9 of 9 with respect to the L^-scalar product is given by 

d* = -*d^. (2.5) 

Let conj be the natural conjugate mapping induced by the bundle automorphism (cf. [HI pp. 
141]) 

T*M ®E C ^ T*M v®\^v®\ for any w G T*M, A G C. (2.6) 

Then '* :~ conj * is a complex linear mapping. Clearly, ? = conj * = * conj. 
We now introduce the Clifford algebra (cf. [151 Section 1.3.1]). 

For any v G TM with decomposition v = + w^O'^) G T^^'^^M T^O'^^Af, let yi^-")^* g 

T*(o,i)7i^ be the metric dual of v'-^^°K The Clifford action of v on the bundle A(T*(0'i)Af) = 
^ovon(j.*(o,i)M) © A°'^'i(T*(0'i)Af) is defined by 

c(z;) = V2(tj(1-")'*A-vo,i)), (2.7) 

where A and i denote the exterior and interior multiplications, respectively. We verify easily 
that for U,V e TM, 

c{U)c{V)+c{V)c{U) = -2{U,V). (2.8) 

We identify TM with T*M by the given metric g^'^^ , and sometimes write c(e') as c{ei). In 
the sequel, we don't distinguish between c(e*) and c(ei). 

Since E is holomorphic, the usual d operator on ft*'*{M, C) has a unique natural extension 
to ft*^*{M,E), dE : nP'''{M,E) nP'''+^{M,E) (cf. P Section 3]). 
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Under the splitting 9}{M, E) = 9}'^{M, E) © 9P^^{M, E), the connection decomposes as 
sum: V-^ = (V^)i^o (V^)O'i with 

(VE)i,o . Y{M,E) ^ n^-°{AI,E) , : r{M,E) -> n°-\M,E). (2.9) 

Moreover, if we extend on r(Af, £') in a unique way to rt*-'*{M, E) by Leibniz formula (cf. 
[D pp. 21]), then the extended splits into two pieces = (V^)i'" + (V^)"^\ which also 
satisfy the Leibniz formula (cf. [U pp. 131]). 

Definition 2.1. (cf. [9]) The connection is said to he compatible with the holomorphic 
structure on E if (V^)°'^ = Oe- The connection is said to he of type (1, 1) if the curvature 
(V^)2 ts of type (1,1). 



In the sequel, we fix any p, ^ p < n, and set f]P'*(M, E) = 0^^^ f]P''?(M, £■). 
Let be a compatible (1,1) connection. Following [9j Section 3], we define 

9£,(VE)i,o = -(y® l)(V-^)i'"(? ® 1), (2.10) 

and 

^E^d = ^-ElS^; (yE)l,0 + 9^; (vE)l,0l9_B. (2-11) 

Since = *2 = (_i)P+9 on rjJ''«(Af, C), we get 

(9;,(v-).,o)' - {-IY+'^+\T;® 1) ((V^)i-o)' (^ ® 1) - 0. (2.12) 
Using the following identities 



we get 



(v^)i'° = a®i + cj^'Av5^., 
(v^)°'i = a® i + u^' Av|., 



9£;,(V-B)i,o = a (g) 1 - iu^Vf^., 

a£ = a®i + c;7^AV|.. 



Set 



r)2 _ 2n _ 



(2.13) 



(2.14) 



D = ^/2{^E + ^EXw^Y.«) ■ (2-15) 
Then from (|2TT|) . ([234]) . (|2T^ . we deduce that 

13 = \/2(a + d*)®\ + c{ei) ® Vf , 



(2.16) 



Denote E = Ap(T*(1'°)M) ® E. If we assume in addition that (M, J,g'^^) is a Kahler mani- 
fold, then using [1] Proposition 3.67], [HI Lemma 1.4.4], the operator D acting on VIP'*{M, E) = 
fl°'*(M, f) can be specified as follows. 
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Proposition 2.2. D can be regarded as a Dirac operator on the Clifford module A(T*(0'1)M)® 
£ associated to the Clifford connection 

V^^®^ = V^'® 1 + 1®V^, I.e. D = c[e,)V'^®^ , (2.17) 

where V^' is the natural connection on K{T*''^'^'^ M) induced by the Levi-Civita connection V"^*^ 
(cf. [TJ pp. 28]) and is the natural tensor connection induced by V"^^^ and V^. 

Let Spec(n^ g) be the spectrum of O^-g acting on n^-*{M,£). Denote 
Re(Spec(n^ g)) = {Re(A) | A G Spec(n^_5)}. 
Pick any a > such that a ^ Re |^Spec(n^ ^)^ . Set 

Rc A<a 

Let : flP'* {M, E) — > il'^'*(A/, _E) be the orthogonal projection with respect to the natural 
L^-scalar product (cf. ([231)) on n°^*{M,£). Set Pa = I -Ha. 
We recall some facts obtained in [HI Section 4]. 

{^V^a{M , E) , d e) forms a finite dimensional complex. Moreover, the inclusion of the com- 
plexes 

in%iM,E),dE) cinp^* iM,E),dE) 

induces an isomorphism on cohomology. That is, 

H''{n%{M,E),dE) A HP-\M,E). (2.18) 

* (g) 1 induces a C-linear isomorphism of the complex (ri<*(M, E), d*E^^^Ey.o) to the complex 
{n'i.-*'"-PiM,E), (-l)P+i+*(V^)i^O). We have isomorphisms, 

H:'-^-^-P{M,E) a ff"-«(l]^r^(Af,i?),(-l)f+i+*(V^)i^") 
^ ' (2.19) 



"^H,(n':::iM,E),dE,^^.y.o 

From [9l Section 6] , we know that there is a natural non- vanishing algebraic torsion invariant 
associated to the complex ^fi^J;* (M, E),dE, Qe (yEy.(?j , 

torsion ( f2^'*(M, E),dE, dE^(x/Ey.o 



e det {H* {n%{M,E),dE)) ® det (if, (n^/aiM, E),dE,(^v^)i.o ^ 
Using the isomorphisms (|2.18p and (|2.19p . we regard it as an element of the complex line 

det (l/f* (A/, E)) ® det (^Hl^^ro" (M , E))''. 



Note here the complex line is independent of the metric g'^^^ . 

Let N be the number operator, i.e. N acts on 17°'5(Af, £) by multiplication by q. By [SI 
Section 11], for Re(s) > ^, the following zcta-function is well-defined, 

Ca(s) =Trj7V(n^g)-^pJ . (2.20) 
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Moreover, Ca{s) has a meromorphic extension to the whole complex plane and is analytic at 
s = 0. Consequently, the derivative at s = 0, Ca(0) is meaningful. 
By [21 Lemma 4.3] and [21 (4.8)], we know that the combination 

torsion (l7^^:(Af, iJ), a^, a;^(VB)i,o) •exp(C(0)) (2.21) 

is independent of the choice of a > with a ^ Re |^Spec(n^ g)^ and the Hermitian metric . 
Definition 2.3. (cf. |9l pp. 152]) The non-vanishing element of the complex line 

det [Hf (Af , E)) ® det (i/[^-,*j'^-P(Af , E)) 
defined in (|2.2ip is called the Cappell- Miller holomorphic torsion and is denoted by Thoio,p{M, E). 



2.2 An anomaly formula for the Cappell-Miller holomorphic torsion for Kahler 
manifolds 

We indicate the characteristic classes which we will use. 

Let g'^^^ be a Kahler metric on TM. Let i?+ be the curvature of T^^'^'M with the natural 
connection induced by the Levi-Civita connection V^*^ associated to g^^^. Let = (V^)^ 
be the curvature of V^. If ^ € End(T(i'°'M), set 



/ A 

Td{A) = det^^cLo) M ( — 



-e-A - I. 

det(/ + tA) = l + tai{A) + --- + t"cr„(yl), 
Tdp(y^) = TA{A) crp(expy^) . 

Definition 2.4. Set 



(2.22) 



Td,(T(i-")M,g^^O = Td, ( ) , ch(i?, V^) = Tr 



exp 



27rV^ 



(2.23) 



As in [H pp. 58], let P = ^'-^^ n^'^{M,C). Let P' C P be the set of smooth forms ae P 
such that there exist smooth forms /?, 7 for which a = 9/3 + d^. When a, a' S -P, we write 
a = a' if a — a' e P' . Then the paring of the elements of P/P' with the element of P which is 
closed and has compact support is well defined. 

Let g''^^'^ be another Kahler metric on TM. 

By the results of [H Section (f)], there is uniquely defined Bott-Chern class 



such that 
dd 



27rV^ 



Tdp{T^'-°^M,g™,g'^^') G P/P' 



Tdp{T<''^'^M,g™,g'™) ^ TdpiT^'^""^ M, g'^'') - Tdp(T(i'")A/,/^0- (2-24) 



Let Thoio.p, ■^hoio p Cappell-Miller holomorphic torsions associated to the Kahler metrics 

gTM ^ g'TM ^ respectively. 

Using the above notations, we state our main theorem as follows. 
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Theorem 2.5. (Compare with Theorem 1.23]) The following identity holds, 

^^^=cxp( [ fdp(T(i'0)M,5™,(7'™) •ch(^,V^)y (2.25) 

3 Some estimates on heat kernels 

In this section, we deduce some estimates on heat kernels, which will be needed in the next 
section. 

Throughout this section, we assume that M is a compact oriented smooth manifold of di- 
mension n with a Riemannian metric g^^^ . Let ei, • • • , e„ be a local orthonormal frame of TM 
with respect to .g^*^. Let C{M) be the Clifford bundle associated to g'^^^ (cf. [U Definition 
3.30]). For any ^ i ^ n, denote 

n 

n\M) =r{A\T*M)), and n* {M) ^ ^ i}\M) . (3.1) 

i=0 

Let be a real vector bundle of dimension m over M with a connection V"'^. 
This section is self-contained. 

3.1 The special heat kernel depending on parameters 

Let ■ ■ ■ , i?i be auxiliary Grassmann variables, and any of which anticommutes with C(X), 
where C{X) is the element X £ T^M considered as an element of C{M). Assume also that the 
multiplication of any q + 1 variables of the above given Grassmann variables vanishes, where q 
is some fixed integer. 

Let i?(i?i,--- ,i?j) be the Grassmann algebra generated by l,i?i,--- (cf. [3]). If w e 
i?('!?i, • • • , i?j), then is a linear combinations of • • • 1?^^., where 1 ^ ii < • • • < ifc ^ i. We 
say the monomial di-^ ■ ■ ■ is of degree k. Clearly, k ^ q. 

For any t > 0, there is a homomorphism of algebras 

V't ,^,)^Ri^i,--- (3.2) 

which for 1 ^ j ^ maps i?j in 

Defining the elements of f]*(M) ® End(J^) to be of degree zero, we give every monomial 
of fi*(A/)(g)End(J")gi?(i?i,--- ,'!9,), say ip,^...,^'di^ ■■■'^1^, where ipi,...t^ S fJ*(M) (g) End(J'), a 
natural degree. The homomorphism in (|3.2p can be extended to ft* (Af )®End(J^)(8)_R('!9i, • • • , t?i) 
in an obvious way. 

For any t > 0, w e n'^{M) (g) End(J")®i?(i^i, • • • set 

*a; = '(/'t(w), and + (3.3) 

We may assume that has no degree terni0. 

In fact, let 'w^"'^ be the degree term of ^ui, then V''^ ;= ^uj^^^ + V-^ is a connection on J^. Replacing by 
V'^, then 'oj — '^uji^i has no degree term. 
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For any t > 0, p G End(J')®i?(i9i, • • • set *p = i^tip)- We now consider the smooth 

family of differential operators 

I't=~{'^e.+'Me^)f + % and It = tl^ 
Here we use the same notation as in [2l Section 3(b)], 

n 

(Vf; + 'co{e.)y := ^(V^ + Me^)Y - V^™,^ - *a.(V™e.). (3.4) 

1=1 

For any < > 0, let k{x, y, s, t) be the smooth section of the bundle FMF* over R+ x M x M, 
satisfying the following equation with boundary condition at s = 0: 



[ds + It)k{x,y,s,t) = 0, 



(3.5) 



Here we use the same convention as in [H pp. 72] that T ^ F* = it\T ® ttjJ^*, where tti, 7r2 
are the projections from M x M onto the first and second factor M respectively. 
Set u = st, then ds = tdu- The equation in p.Sp is equivalent to 

{du + Ii)k{x,y,u,t) = 0, 

/• ~ (3.6) 

hm / k{x,y,u,t)l{y)dy = l{x), 



yeM 



where k(x, y, u, t) — k{x, y, s, t). In p.Sp and (|3.6p . l{x) is any smooth section of J- and the limit 
is meant in the uniform norm ||/||o = sup^gJ^^ 11^(^)11 for any metric on J-. I[ is a generalized 
Laplacian with parameters in i?(i?i, • • • , i9i) for any t > 0. 

Let x and ?/ be sufficiently close points in M . Let /i, ■ ■ ■ , be a local frame of on a 
neighborhood of y, which are parallel along the radical geodesic curve Xs = exp^ sx : [0, 1] i— > M , 
with respect to the connection V"'^. 

For any f > 0, we define T*{xs,y) G Hom(J\,, J^^^ J as follows, 

T\xs,y){liiy),--- Jmiy)) = (hixs),--- ,kn{Xs))A{s), (3.7) 

where 

A{s) - / + 5](-l)'= / Htk) ■ ■ ■ *L^ih)dh ■ ■ ■ dtk, (3.8) 

/c=l 

and sAfc, fc ^ 1, is a rescaled simplex given by 

{iti,---tk)\0^h ^t2--- ^tk^s}. (3.9) 

Checking directly, we know that A{s) is non-degenerated and that 

*V£(r*(x„2/)?fc(y)) =0, for fc = 1, • • • , to. (3.10) 

Therefore, it gives another smooth trivialization of T over the neighborhood of y corresponding 
to *V-^. 
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Let Qu be the smooth kernel modeled on the Euclidean heat kernel: in a normal coordinates 
around y (x = exp^ x) , 

llxlP 

qu{x,y) = (47ru) ^ exp(— 1^). 

We fix y G M and write qu for the section x i— >■ qu{x, y). 

Set j(x) ~ det2 (5jj (x)). Using [U Theorem 2.26], in the above new trivialization, the formal 
solutioio of the heat equation p.6p is given by 



K{x, y- O^™'^' = qu{x, y) u'^^{x, y; t), (3.11) 

1=0 

where <I>o(a;, y;<) = (x)r*(x, y), and for i > 0, 

$i(x,2/;t) = -j-^(x)r*(a;,y) / s'-ij5(sx)T*(x,,y)-i(4^$i_i)(a;,,,2/;i)ds. 



Set 

1, if s < 



0, if s > e^, 



4 ' 
2 



where e is chosen to be smaller than the injectivity radius of the manifold M . 
For N large enough, we define the approximate solution by the formula 



N 

fcf (x, y; t) = ^'{d{x, yf)qu{x, y) ^ u'*.(x, y; t). (3.12) 

i=0 

In the sequel, we fix N large enough. In a neighborhood of the diagonal, we write y = exp^ y, 
with y £ T^M, and identify to by parallel transport along the geodesic joining x and y 
with respect to V'^. That is, if Hs a smooth section of we denote by l{x,y) the function 
of y such that l{x, y) = t(.t, y)l{y) G J^r; if $ is a section oi F M F* ^ we denote by $(a;, y) an 
endomorphism of J-^E such that $(a;,y) = $(a;, y)r(2;, y)^^. Let 4'i(a;,y;t) = '!/)(||y|p)<f>i(a;, y; t). 
We have 'i'o(x, 0) = Idjr^ . 

The explicit formulas for ^i{x,y]t) and p.8p imply that 4'i(a;,y;t) can be expressed as 

«'z(a^,y;0 =I]^"*'^^J(a^,y), foralU^O, (3.13) 

where 0ij(2;,y) e End( J"j;)®i?(t9i, • • • ,i?i). 

Thus, the approximate solution can be expressed as 

JV q 

k^{x,y;t) ^ q,t{x,y)J2i^tyj2^~h:j{x,y)rix,y). (3.14) 

1=0 j=0 



Because the manifold considered here is oriented, there is a little but not essential difference in the expression 
of the formal solution. 
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Let 11 • ID be a normed space. We introduced a norm || • \\sg(^R on. 3§ (g) R{'0i, ■ ■ ■ , i^j) as 
follows. For 



ipi^...ij^^ ■ ■ -di^ e ^ ® Ridi,- ■ ■ ,1}^), we define 



l<il<- <it^. 



\\(p\\ig(SR= max \\lp,,....,J\. (3.15) 

is:ii<-<ifc<. 

Proceeding as [1] Section 2.5], we deduce that there exists a unique smooth solution to (|3.5p . 
which is called the heat kernel and is denoted by pu{x,y;t) (cf. [H Proposition 2.17 and 
Theorem 2.30]). Therefore, the unique smooth kernel k{x,y, s,t) determined by p.5p equals to 
Pu{x,y;t)\u=st- we can get the following estimate. 

Theorem 3.1. (compare with [1] Theorem 2.23]) Assume < s,t < T . Then there exists a 
constant C > 0, such that 

|9,^(p„(x,y;i)-fc,^r(x,2/;t))[s=:C..^-t-i-'=+i.t^-^^-t-|+i. (3.16) 

where \\ ■ \\e is defined using the usual -norm (cf. [11 pp. 71]) on -sections of J- ^ J-* over 
R+ X M X M as in ((XTa . 



3.2 The rescaled heat kernel and the Mehler formula 

We continue the discussion of the last subsection. 

Take any xq S M and trivialize the vector bundle in a neighborhood of xq by parallel 
transport along radical geodesies with respect to V"^ (cf. |T[ pp. 153-154]). More precisely, 
let V = TxgM, F = and U = {x E V^|||x|| < e}, where e is the injectivity radius of the 
compact manifold M at xq. We identify U by means of exponential map x n- cxp^^x with a 
neighborhood of xq in M. For x = exp^^x, the fibre J-'x and F are identified by the parallel 
transport map t{xq,x) : Tx F along the geodesic Xs = exp^^sx. 

Choose an orthonormal basis di of = T^^M , with dual basis dx* of T*^^M, and let c* = 
c(dx*) G End(_E). Let S be the spinor space of V* and let W = Komc(v){S, F) be the auxiliary 
vector space such that F = Si^W, so that End(F) ^ End(S') ® End(VF) ^ C{V*) End(M^). 
Let ei be the local orthonormal frame obtained by parallel transports along the geodesies from 
the orthonormal basis di of T^gM, and let e* be the dual frame of T*M. 

It follows that in this trivialization the bundle Endc(jvf)-^i restricted to U, is the trivial 
bundle with fibre Endc(v)J' = End(VF) (cf. [H pp. 154]). 

Let Pu{x,xo;t) be the smooth kernel of the operator If. We transfer the kernel to the 
neighborhood U of G T^, thinking of it as taking values in End{F)^R{-di, • • • , i?,): by writing 

Pui^;t) = T{xo,x)pu{x,xo;t), where x = exp^^x. 

Set 

}3„(x; t) — (t(pk(x; t)), where a is the full symbol map. 
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Then pu{x;t) is a A{V*) (E) F,nd{W)(E)R{'di, ■ ■ ■ , '!?,)-valucd function on U. Consider the space 
A{V*) ® End(iy)®i?(?9i, • • • , I?,) as a C{V*) ® End(M^) module, where the action of C{V*) on 
A{V*) is the usual one c{e^) = A —icj- 

The AV* ^Find(W)(E)R{i}i, ■ ■ ■ , i9i)-valued function Pu(x; t) satisfies the differential equation 

ids+Ttix))Pui^;t)^0, (3.17) 

where It is the local expression of It in the above trivialization. 
Now we introduce Getzler rescaling (cf. [12] and [1] Section 4.3]). 
For any a € x f7, AF* ® Endc(v*) (i^)§i?(^?i, • • ' ,'?«)), let 

n 

(5ea)(t,x) = ^£-^a(e2i,ex)[,], (3.18) 

i=0 

where aj^] is the i-form component of a. 
Set /e = Then we have 

ids + SjtS-'){6,Pu) = S,{ds + Tt)Pu = 0. (3.19) 

Definition 3.2. (compare with [TJ Definition 4.18]) The rescaled heat kernel r(e, s,i,x) is 
defined by 

r(e,s,t,x) = £"(<5ePu)(t,x). (3.20) 

Fix any T > 1. The following results are essentially similar to those proved in [TJ Section 
4.3]. 

Lemma3.3. (compare with [TJ Lemma 4.19]) There exist AV*'SEnd{W)§R{^i, ■■ ■ ,'d.i)-valued 
polynomials "fiis, t, x) on IR+ x M+ x V , such that for every integer N, the function r^(e, s, t, x) 
defined by 

2JV 

r^(£,s,i,x) = g,t(x) £'7.(s,t,x) (3.21) 

i——n~q 

approximates r{e, s,t,x.) in the following sense: 

for N large enough and < s,t < T, there is a constant C(N, k,a) > such that 

||a,^9^(r(£,s,t,x) -r^(£,s,t,x))|| < C(iV, fc, a)£2^-('=+2)9-»+2 ^ 
for (s, t, x) e (0, T) X (0, T) X C/ and < £ ^ 1 , 

where \\ ■ \\ is defined by using the usual "^^-norm (cf. [TJ pp. 71]) on 't^'^ -sections of AV* ® 
End(Vl^) over R+ x V as m (jXTS)) . 

Furthermore, for any t e (0, T), we have 7i(0, t, 0) = if i ^ 0, while 7o(0, t, 0) = Id. 

We state a general Mehler formula for a generalized harmonic oscillator. 

Let 5 be an n X n matrix, L be an to x 7ti matrix, both with coefficients in the commutative 
algebra where n, to are any positive integers. The generalized harmonic oscillator is the 
differential operator acting on. sif (E) End(C'")-valued functions defined by 

H^-Y.{d, + \B,,x,f + L. 
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Theorem 3.4. (cf. [ini Proposition 4.7]) For any oq G End(C™), there exists a unique formal 
solution Pu{x, B, L, ag) of the heat equation 

{du + H,)pu{x,B,L,ao)^0 (3.22) 

of the form 



Pu{x) = qu{x) Y^u'^'^kix) (3.23) 

fc=0 

and such that $0(0) — ao- The function Pu{x, B, L, oq) is given by the formula 

{Attu)~ ^ A{u'D) exp(^^CijXiXj^ exp^-^^^coth^^ x^Xj^ exp(-uL) ao, 
where Cij = \{Bij + B-ji), V^j = ^{B^j - B^i) and V = (Aj), 



^ij )nxn- 



4 A proof of Theorem | 
4.1 An infinitesimal variation formula for the Cappell-Miller holomorphic torsion 

Let £ — gf^^ be a smooth family of Kahler metrics on M. Let be the complex Hodge star 
operators associated to the metrics gj^' acting on 51^^* (A/). Let Di be the operators acting 
on nP'*{M,E) defined as in (j^l^ corresponding to gj^^ and V^. Let Ue = (gj")^^ j^gj^' e 
End(TM(8)RC). Denote by J7+ € End(T(i'°)M) the restriction of Ue to T^^'O^M. Let i?+ be the 
curvature of T^^'^^M with the natural connection induced by the Levi-Civita connection Vj*^ 
associated to the Kahler metric gf^^ . Let T\ioio.p.e{M, E) be the Cappell-Miller holomorphic 
torsion defined as in (j2.2ip corresponding to gf^^ ■ 

The following infinitesimal variation formula for the Cappell-Miller holomorphic torsion, 
which is closely related to [6l Theorem 1.18], is obtained in [9]. 

Theorem 4.1. (cf [U Lemma 4.2 and Lemma 7.1]) As t 0+, for every k E N, there is an 
asymptotic expansion 



Tr, 

Moreover, 



1 d*i t n2 



^lo.tt' +o{t^). (4.1) 



3 = -n 



^log Thoio.p.f (Af, E) = -Mo,,. (4.2) 



Let {ej}|"]^ be a local orthonormal frame of TM corresponding to gj*^, and be the 

frame which is related to {ej}|"j^ as in (|2.ip . 

By direct calculation, we easily get the following lemma, of which the p = case is proved 
in [HI Proposition 1.19]. 

Lemma 4.2. The following identity holds, 

, Qiff ^ — 1 . 1 . . 

-Q^ = ^^e(ei,ej)c(ei)c(ej) -f -9(6.,, Je^) -|- V-1 8(wj, Wi)w' A i^,. (4.3) 
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4.2 The small time asymptotics of the supertrace of certain heat kernels 

For simplicity, we set 

Q^ = *i'^- (4-4) 

Take any £, say Iq. In the whole subsection, we always omit the subscript £q if there is no 
confusion. 

Then Q splits into two parts. 



Qi = Q{ei,ej)c{ei)c{ej) + ^Q{ei,Jei), 

Proposition 4.3. As f — > 0^, for every k £N, there are asymptotic expansions 



(4.5) 



Tr. 



he 



a,t^ +o{t''), Tr, 



Q2e 



-tD' 



3=0 



Moreover, we have 

a_i = (27rV^) 
60 = (2^^/^) 

where 



■ e • Td(i?+) • Tr cxp(-i?^) 



M 



/^Td(i?+) • Tr Q{lu,,lJ^)lj' A exp(-i?^) 



= (V^)2 = -{R+uj,,ZJj)gTMUj' A t,,^ + R^ 



(4.6) 

(4.7) 
(4.8) 

(4.9) 



Proof. The known result on the heat kernel asymptotic expansion on the closed manifold 
M (cf [1] Theorem 2.30]) implies the existence of the asymptotic expansion as t 0. On 
the other hand, using the standard local index theory techniques of Getzler (cf [TT], [H], [3 
Section 4]), we deduce from (|4.5|) that 



lim Tr^ 



t Qie 



(27ri)-" 



■ e • Td(i?+) • Tr cxp(-i?^) 



lim Trs 

t-i-0+ 



Qse-*^ =(27rz)-" / y^Td(i?+)Tr e(w„tJj)cj' A exp(-i?^) 
We complete the proof of Proposition 



The remaining part of this subsection is devoted to the calculation of oq. We follow [SJ Section 
1(h)] in spirt, although we will not use probability theory in our final calculation. Instead, using 
the estimates of heat kernels with parameters deduced in last section, we modify the proof of 
the local index theorem presented in [TJ Chapter 4]. 

We use the convention as in [SJ Section 2(f)]. Let da, da be two odd Grassmann variables. 
If e K{T* M C)®C(da, da) can be written in the form 

V ~ Vo + da 7]i + dar/2 + dada 773, where 7]i e A(T*M (8)r C) , ^ i ^ 3, 
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\dada 



The following two propositions are proved in [5]. 
Proposition 4.4. (of. [6j Theorem 1.20]) The following identity holds, 



(4.10) 



d_ 

di 



tTis 



Qi exp{-tD^) 

= (Tts exp(-tD^ - ^^daD- <^ ^da[D,Qi] + dadaQi 
Proposition 4.5. (cf. [5J Theorem 1.21]) The following identity holds. 



dada 



(4.11) 



tD^ - J- daD -J- da[D, Qi]+ dada Qi 



t V 



1 



2V2t 



dac(ei) 



da 



2V2t 



dada A, -. s I ^ j—'^i^^) /-rjTM /\ 



(4.12) 

+ ^0(e,, Je,) - ^-da^(V^:*^e)(e„ Je,) 
-^-^c(e,)c(e,)-F^/^(e«,e,), 

where K is the scalar curvature of M , and F^/^ denotes the twisting curvature of the Clifford 
module A{T*^°'^^ M) £ given by (cf. [H pp. 117, 148]) 



R^. (4.13) 
In (|4.12p we also use the same notations as in Section 3(b)] (compare with ()3.4|) ). 



Set 



/* = tD^ 



daD + \ l — da[D, Qi] — dada Qi. 



(4.14) 



2 V 2 

For the bundle A(T*(°'1)m) ®£, by Proposition we sec that It is in the type of operators 
we study in last section, and all the results we get there can be applied to the current case. 

Lemma 4.6. The following identity holds, 

Tr,[cxp(-/t)] = / Tr,[fc(x,x,l,0]dwA/(a;), (4.15) 

JM 



where k{x,y,s,t) is the unique solution of p.Sp . 

We trivialize the bundle A(T*^^'^'> M) (g) £ by parallel transports along the radical geodesies 
with respect to the Clifford connection V*-^'*^^ as in last section. Using [TJ Lemma 4.14 and 
Lemma 4.15] and Proposition l4.5[ we can easily deduce the local expression of It. 

Lemma 4.7. In the chosen trivialization, the operator It, when restricted to U , can be specified 
as the following operator It, which is a differential operator on U with coefficients in C(V*) ® 
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End{W)® R{da,da), 



It = -t.g'^(x) ( V^;«^ - -%=(a„efc)(x)c^- - • e(e,, a,)(x)c'= 



2V2i 2V'2t 



+ f.g^Mx)rf,(x) ( Vg«^ - -^(afe,e,)(x)c' - ^da • e(ez, a.)(x)c' 



- idada • e(e., Je.)(x) + ^^^da • (V™e)(e„ Je,)(x)c^ 

+ — (x) + -^^^/^(e„e,)(xKc^-. (4.16) 
We compute the Getzler rescaling (cf. P-lSp *) of the operator It. 

4 = - e^g^^ie^) (^S^W^l^^S'' - ^da • {d., e^M • (e-^e^ A -e^,J 

-da • e(eA:,50(ex) • (e -'e'^ A -eiej 



2V2t 

da • 6(e;,9j)(ex) • (e^-'e' A -e«ej 



2V2t 

+ e2i5^^"(ex)rf^.(ex) (^<SeVg«^C' " ^da • {dk,ei){e^){e-'e' A ^e^,,) 



2V2< 



-da • e(e/,9fe)(ex) • (e^'e' A -eie,) 



- idada-e(ei, Je,)(ex) + |y ^da- (Vf /-fe)(ej, Jej)(£x)- (e-^e' A -«e,) 

+ + f-F^/^^(e„e,)(£x)(£-ie^ A -ei^^e-'e^ A -eze,), (4.17) 



where (cf. [TJ Lemma 4.15]) 



+ ^/.fc/(£x)(e ^e''A-eieJ(e"^e' A-eie,)+5i(ex), (4.18) 



Rkiij = {R{di,dj)di,dk) is the Riemannian curvature at xo, and 
/.fe/(x) = 0(|x|2) e C°°(C/), g,(x) = 0(|x|) e r(C/,End(M/)). 
The singular term of J^, as e ^ 0, is that 

+ RkUj^'e'' A e' A +ie-V»fc/(ex)e'^ A g'a) 

• (^•(a„efe)(0)e'=A+^da-e(efc,a,)(0)e^A) (4.19) 
^v2t v2i ^ 

+ te"'(^^dada- (a„efc)(0) •e(e,,aO(0)e'= Ac'a). 
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To remove it, we proceed as in flO| by conjugation. Take 



A{-K,e)=y[ ^da(a„efc>(0)x'e^A+^e-Ma-e(efc,a,)(0)x'e''^A 
\2v2t 2v2t 

and set h = exp(— A). Clearly, /i is a polynomial of x and /i(0) = 1. 
Set 

J, = h%h-\ 

From (|3A9l) and dS^Q)), we get 

[ds + X) (/i(x) • r(e, s, x)) = /i(x) • (9, + t)ris, s, t, x) = 0. (4.20) 
Calculating directly, we deduce 

Je^~t{^^ + ^RkUj^'e'' A e' - ^^da((9„ efc) (ex) - (9„ efc)(0))e^A 
'da - (e(efc,a,)(£x)-e(e&,aO(0))e'^A 



2V2t 

-^^dada • 6(9,, aj)(0)x^ 



- Jdada • e(e„ Je,)(0) + J^ldS • (V™e)(ej, Je,)(0)e'A 

+ ej)(0)e* A e^' + error{-y^, e). (4.21) 

The symbol error(i^^e) denotes the terms which vanish when e — > and will not contribute in 
the final analysis. 

Clearly, for fixed x G C/, limg_j.o+ Je exists and is given by 

Jo = + + tL, (4.22) 

i 

where 

B^J ^iRkUje'^ Ae' ~ ^J^V^da ■ (V^'^O) (e,-, a,)(0)e*'-A 

^^■dada-e{di,dj){0), (4.23) 



t 



tL = - -dads • e(e,, Je,)(0) + -^-da • (V^/'e)(ej-, Jej)(0)e'A 

+ ^^^^/^(e„e,)(0)e*Ae-'". (4.24) 

In the above calculation of lim£_^o+ 'h , we use [U Proposition 1.28], which claims that as e — > 0+ , 
{di, efc)(ex) = Sik + 0{e^). Therefore, the term containing da in vanishes as e — )• 0+. 

Using the fact that Jg = Jq + 0(e), we can now show that there are no poles in the Laurent 
series expansion in e of /i(x)r(e, s, x). By Lemma [531 we have 

oo 

/i(x)r(e, s,t,x) ^ Qsti^) £'/i(x)7.(s,t,x). (4.25) 
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We expand the equation (|4.20p 







(a, + J,)(/i(x)-r(£,s,t,x)) 
in a Laurent series in e. Lemma 13.31 implies that the leading term 

qst(x)£"'/i(x)7_i(s,i,x) 
of the asymptotic expansion of h{x)r{e, s,t,x) satisfies the heat equation 

(ds + Jo)(^(7st(x)/i(x)7_i(s,t,x)j = 0, for any fixed smaU t > 0, (4.26) 
which is equivalent to 

du + 7 Jo) (gst(x)/i(x)7_,(s,i,x)) = 0, where u = st. (4.27) 



Since i Jq is a harmonic oscillator, we can apply the generalized Mehler formula Theorem 
to (|4.27p . The boundary condition 7-i(0, t,0) =0 for ; > implies '-f-i{s, t,x) = for / > 0. In 
particular, we see that there are no poles in the Laurent series expansion of /i(x)r(e, s, i, x) in 
powers of e. 

The other thing that we learn from the above argument is that the leading term of the 
expansion of /i(x)r(e, s, x), i.e. /i(x)r(0, s, x) = gst(x)/i(x)7o(s, i, x), satisfies the equation 

{du + J Jo) (g,,t(x)/i(x)7o(s,t,x)) - 0, with 7o(0,t,0) = 1. (4.28) 
Using Theorem I3.4i gst(x)/i(x)7o(s, x) is given by the explicit formula 

{Attu)-"A{uV) exp(i Cyx*x^) exp (^~uL - ^ coth ^) x'x^'^ . 

In particular, we get for any fixed small t > that 

liin_r(e,l,t,0) = r(0,l,i,0) = (47rt)~"A(iX') cxp(-iL). (4.29) 
By ([XTg]) and we have 

2n 



1=0 



from which, wc obtain 



2n 



Moreover, 



"(e,s,t,x)|,=i,,,=o = ^e'"-'Pe^t(0;e2t)f 

i=0 

(r{e,l,t,0)) =Pe2t(0;e2t)p„]. 

V / 2n ^ ' 



lim Tr[p^2t{0;£^t)[2n] \ exists. 



(4.30) 
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Using [1] Proposition 3.21], we get for any fixed small t > that 

Tr,[fc(a:o,xo,l,t)]dwA/(xo) = (-2\/^)"Tr[pt(0; i)[2n]] 

Since 



(4.31) 



Pt(0;t)[2„] 
from (1123), and (|OT|) . we get 



lim Tr 

t-yO+ 



= lim Tr 

£->0 + 



Pe2t(0;£^i)[2„] 



lim Tr4A:(a;o,xo,l,t)]dwA/(a;o) = (27ry^t)-"Tr A{W) 
Moreover, by Lemma [4.61 we deduce 



limTr^ [e"^'] = (27ry^t)~* / Tr A(tX>) exp(-tL) 



[2n] 



M 



(4.32) 



(4.33) 



From (|iT^ . g^g, (IT^ and g331), we have 



lim (Tr,[e-^'])'^'^'^" = (27rV^t)-" f / Tr 



(2^x/^)- 



Tr 



M 



M 
k A J 



dada 



AitV) expi-tL) 
/^dada-Q{d„dj){Q) 



■ exp(idada • e(e„ Je,)(0) - ^^^/^(e,, e,){0)e' A e^) 



dada 



(4.34) 



(2^y^)- 



A 



idada- e(a.,aj)(o) 



1 1 \ dada 

• exp(-dada • e(e„ Je,)(0) - ^TfTd-ojA/i^+KO)) j • Tr[cxp(-i?' 



The facts that e(e,, Je^) 2Trr(i,o)M[C^+], ^Rtjkie'' A e' = -(i?a„ aj)(0), and e((9„5j) 



{UJdi,dj) imply that 



A(^i?fci,je''Ae' 



Td(i?+ - dadaU+) 



^dada-Qid,,d.j){0) 
1, 



cxp(^dada- e(ej, Jei)(0) - ^Trj.(i,o)jv/[i?^](0) 



(4.35) 



Moreover, we get 



lim ( Tr, [e 



Td(i?+ + 6;/+) •Tr[exp(-i?^)]. 



(4.36) 



b=0 



Combining Proposition 14. 3[ Proposition 14.41 Proposition 14. 5[ (|4.14p and (|4.36p together, we 
deduce 



Proposition 4.8. The coefficient gq in Proposition]^. 3\ can be calculated by 



d 



Td(i?+ + bU+)- Tr[exp(-i?^)] . 



(4.37) 



b=0 
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4.3 A proof of p:25|) 

Since the space of Kahler metrics on TM is convex, we may assume that £ e M — > gj^^ 
smooth family of Kahlcr metrics on TM such that g^^^ — g'^^' , gf^^ 
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iTM 



Observing that the following algebraic identity holds, 



we get from Proposition 14.31 and Proposition 14.81 that 

d 



CTp (cxpyl), for any A £ End(Ti'°M), 



M 



^ (^Td(i?+ + bU+) ■ ap(exp(i?+ + 6C/+))^ 



•Tr 



cxp(-i?^) 



IS a 



(4.38) 



From Theorem 14.11 and (|4.38p . we get 



d_ 



By the results of [H Section (e)], the form 



1 d 



w = (27rV-l)"" / ^ Tdp(i?+ + &C/+) d^Tr exp(-i?^) 



Tdp(i?+ +5 ;/+))• Tr exp(-i?^) . (4.39) 



(4.40) 



defines an element in P/P' which depends only on g^^'^ and g'^^^ ■ According to jH Theorem 
1.27, 1.29, and Corollary 1.30], the component of degree {n,n) of tu represents in P/P' the 
corresponding component of 

fdp(r(i^o)Af,5™,g'^*0 •ch(i?,V^) . 

Combining with (|4.39p . we deduce that 



log 



^holo,p 



/ Tdp(T(i'0)Af,.g^^^g 



/TM\ 



M 



■ch(i?,V^), 



(4.41) 



'Hiolo.p J M 

which is equivalent to (|2.25p . 

The proof of Theorem 12.51 is completed. 
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